In this paper, we prove a conjecture proposed by Leo: a large minimally 3-connected matroid M has at least (5|E(M )|+ 30)=9 of its elements belonging to some triad. A bound on the number of elements belonging to triads of a 3-connected matroid which is close to be minimally 3-connected is also given. Both of these bounds are sharp and inÿnite families of matroids attaining them are constructed. A new proof of results of Lemos and Leo about triads meeting circuits with at most one removable element in 3-connected matroids is given.
Introduction
Dirac [1] , Halin [2] and Mader [8] showed that a minimally k-connected graph G has at least (k − 1)|V (G)| + 2k 2k − 1 (1.1) vertices of degree k for k =2, k = 3 and k ¿ 4, respectively. The bounds obtained by Dirac and Halin are sharp. The result of Mader for general k is very close to being best possible. The core of the proof of these theorems is the following: a cycle of a minimally k-connected graph has at least one vertex of degree k. This result is quite important and it has been extended in [3, 9, 12, 13 ] (see also [14] ). Reid and Wu [16] proved edge analogs of (1.1): they got a lower bound for the number of edges meeting some vertex of degree k in terms of the total number of edges in a minimally k-connected graph. This lower bound is sharp when k is equal to 2 and 3. Murty [10] and Oxley [11] obtained, respectively, bounds similar to (1.1) for minimally 2-and 3-connected matroids (see [4] and [5] for generalizations of these bounds). Again, the main step in the proof of these bounds is that a circuit in a minimally k-connected matroid, for k ∈ {2; 3}, must meet a cocircuit with k elements. For extensions of this result, see [3, 6, 12, 15, 18] . For the ÿrst two extensions, we give new proofs of them in Section 6. Results like these are unknown for minimally k-connected matroids, with k ¿ 4. For matroids, Reid and Wu [16] gave a sharp lower bound on the number of elements meeting some 2-element cocircuit in terms of the total number of elements in a minimally 2-connected matroid. But for minimally 3-connected matroids, Wu and Reid stated the following conjecture due to Leo: Conjecture 1.1. Let M be a minimally 3-connected matroid with at least eight elements. Then the number of elements which meet a 3-element cocircuit is at least 5|E(M )| + 30 9 :
The proof of this conjecture can be found in Section 4 of this paper. We also give an example of an inÿnite family of minimally 3-connected matroids attaining the bound in this conjecture. To demonstrate it, we decompose a minimally 3-connected matroid into two minimally 3-connected matroids. This is done in Section 3. To accomplish this task, we need a lemma about 3-separations proved in Section 2.
For a 3-connected matroid M , we deÿne the set of removable elements of M as
Note that a 3-connected matroid M is minimally 3-connected if and only if R0(M ) = ∅. What happens to the number of elements belonging to triads in a 3-connected matroid M such that |R0(M )| is small? We answer this question in the next theorem which is proved in Section 5:
Theorem 1.1. Let M be a 3-connected matroid with at least ÿve elements. Then the number of elements which meet a 3-element cocircuit is at least |E(M )| + 10 3 − |R0(M )|:
Note that Conjecture 1.1 is not a consequence of this theorem. In Section 5, we describe an inÿnite family of matroids that attains the bound in this theorem. In Section 6, we use the decomposition deÿned in Section 3 to give a proof of the main results of [3, 6] .
A lemma about 3-separations
We say that a partition {X; Y } of the ground set of a matroid M is a k-separation, for a positive integer k, provided r(X ) + r(Y ) − r(M ) ¡ k 6 min{|X |; |Y |}:
Moreover, when r(X ) + r(Y ) − r(M ) = k − 1, this k-separation is said to be exact. A matroid M is said to be k-connected if M does not have a k -separation, for every integer k such that 0 ¡ k ¡ k. By submodularity,
Next, we prove that 
A decomposition
In this section, we decompose a cominimally 3-connected matroid into two cominimally 3-connected matroids of small size. It is possible that some of the results presented here are known but we do not have a reference for them.
Let L be a line of a matroid M . We say that a matroid N is obtained from M by adding e freely to L provided e ∈ E(M ); E(N ) = E(M ) ∪ e and
rM (Z − e) + 1 if e ∈ Z and L * clM (Z − e):
We say that a subset X of the ground set of a matroid M is k-separating (or exact k-separating) provided {X; E(M ) − X } is a k-separation of M (or an exact k-separation of M ). Suppose that X is an exact 3-separating set of a matroid M such that r(X ) ¿ 3. In this paragraph, we deÿne a factor of M with respect to X . If B1 and B2 are basis for M |X and M \X , respectively, then
So there are elements a and b of B2 such that (B1 ∪ B2) − {a; b} is a basis of M . Hence B1 is a basis and {a; b} is an independent set of M=(B2 − {a; b}). In particular,
Hence the ground set of M=(B2 − {a; b}) is the union of X and L . Observe that
has at least 3 elements. Let N be the matroid obtained from M=(B2 − {a; b}) by adding the elements belonging to A freely in the line L . We say that N = N \(L − L) is a factor of M with respect to X having L as its special line. Suppose that X is an exact 3-separating set of a matroid M such that r(X ) ¿ 3. Let N be a factor of M with respect to X having L as special line. Then:
Proof. In this proof, let B1; B2; a; b; L and N be as deÿned before the statement of this lemma. First, we prove (i). As Y spans a and b in N , it follows that
and (i) follows. Now, we show (ii). By Lemma 3.2(i) applied to E(N ) − Y , we get:
Adding rM (Y ) to both sides of this identity and replacing
As rM (Y ) = rN (Y ) and
Observe that (ii) follows because rM (X ) + rM (E(M ) − X ) − 2 = r(M ). In the next paragraph, we prove (iii).
As r(N ) = rM (X ) and rM (E(M ) − X ) − 2 = r(M ) − rM (X ), it follows that
:
A matroid M is said to be minimally 3-connected provided M is 3-connected and, for every e ∈ E(M ), M \e is not 3-connected. We say that M is cominimally 3-connected if M * is minimally 3-connected. For an element e of a matroid M , we denote by si(M=e) the simpliÿcation of M=e and by co(M \e) the cosimpliÿcation of M \e. Lemma 3.3. Suppose that X is a 3-separating set of a 3-connected matroid M such that r(X ) ¿ 3. If N is a factor of M with respect to X having L as special line, then:
Proof. In this proof, let B1; B2; a; b; L ; A and N be as deÿned before the statement of Lemma 3.1. To prove (i), suppose that N is not 3-connected and let {Z; W } be a 2-separation of N . First, we show that min{|Z|; |W |} ¿ 3:
(3.1)
Suppose that |Z| 6 2. As N is simple, it follows that Z contains a cocircuit C * of N . As |C * | 6 2, E(N ) − L spans L, |L| ¿ 3 and N |L U 2; |L| , it follows, by orthogonality, that C * ∩ L = ∅. By Lemma 3.2(iii), C * is a cocircuit of M ; a contradiction and so (3.1) follows.
Choose
Hence N is 3-connected. In the next paragraph, we show that property (ii) holds.
Choose the elements of si(M=e) so that clM (
is a line of si(M=e). Let N1 be a matroid obtained from si(M=e) by adding freely in the line L1 a minimal set of elements A such that
has at least three elements. Note that N1\(L1 − L2) is a factor of M with respect to E(M ) − X and so N1\(L1 − L2) is 3-connected, by (i). Hence N1 is 3-connected because N1 is simple. As si(M=e) = N1\A is not 3-connected, it follows that |L1| = 2, since L1 ∪ A is a line of N1. So cl M=e (X − e) is the union of two parallel classes of M=e. Hence clM (X ) is the union of two lines of M that contain e and property (ii) holds. Now, we prove that property (iii) holds. Assume that (a) and (b) do not hold. In particular, N=e is 3-connected and so e ∈ X − L. By Lemma 2.1 applied to the 3-separation {X − L; clM (E(M ) − X )} of M , we conclude that:
First, we prove that
Suppose r(N )=3. As each line of N that contains e has two elements, since N=e is 3-connected, it follows, by Lemma 3.1, that every line of M that contains e has two elements and so si(M=e) = M=e. By (ii), clM (X ) is the union of two lines of M that contain e. As each of these lines have two elements, it follows that clM (X ) has three elements and so clM (X ) is a triad of M . Hence case (iiib) occurs; a contradiction. Thus (3.2) holds. In particular, (3) does not occur. Assume (2) happens. Let L1; : : : ; Ln be the lines of M having at least 3 elements which contains e. So n ¿ 1; |L1| = · · · = |Ln| = 3 and, for every i ∈ {1; : : : ; n}, Li = {e; xi; yi}, where xi ∈ X − (L ∪ e) and yi ∈ clM (E(M ) − X ). As Li − yi spans yi in M , it follows that yi ∈ clM (X ), for every i ∈ {1; : : : ; n}, and so yi ∈ L. By Lemma 3.1(i), for i ∈ {1; : : : ; n}, Li is a line of N and so (a) holds; a contradiction. Assume (1) holds. By (3.2), N=e is a factor of M=e with respect to X − e having special line L. By Lemma 3.2(ii), Z is 2-separating in N=e and so (a) follows; a contradiction. In this paragraph, we show that property (iv) occurs. If M=e is 3-connected, then e ∈ L. By Lemma 3.1, every line of N that contains e has just two elements. If r(N ) = 3, then N=e is 3-connected. We may suppose that r(N ) = r(X ) ¿ 4.
As N=e is a factor of M with respect to X − e having L as special line, it follows that N=e is 3-connected, by (i), and (iv) follows.
Suppose that M is cominimally 3-connected. To conclude that N is cominimally 3-connected, for each e ∈ E(N ), we need to prove that N=e is not 3-connected. Observe that (v) follows from (iii) unless clM (X ) is a triad of M . But in this case, by Tutte's triangle lemma (see [17] ), every element of clM (X ) belongs to a triangle of M and so of N , by Lemma 3.1. Thus (v) also follows in this case.
Proving Leo's conjecture
For a matroid M , we denote by T (M ) the set of elements of M belonging to some triangle of M . We set t(M )=|T (M )| and e(M ) = |E(M )|. When M is 3-connected, we set
Next, we prove the dual of Leo's conjecture.
Before the proof of this result, we give an example due to Leo [7] to show that this bound is sharp. For a positive integer n, let M0; M1; : : : ; Mn be matroids isomorphic to U3;6 such that Next, we give a picture of this extremal example where the rank three matroids are drawn as a chain of linked pages.
Proof of Theorem 4.1. Suppose this result is not true and choose a counter-example M so that (r(M ); e(M )) is minimum in the lexicographic order. To simplify the notation, we set To prove the existence of Xe we deal with two cases. This inequality can be reordered as
We arrive at a contradiction because and ÿ satisfy: As Li − f is properly contained in Y − L because M is 3-connected, it follows that n ¿ 2. Thus n = 2 and |L1| = |L2| = 3. Observe that L1 or L2 contains f (the possible geometric representations of MY can be found in the next ÿgure). In this case, we take Xe to be Y − L. Note that (X3) holds by Lemma 3.3(ii). . Now, we prove that NZ = KZ \c is 3-connected. If W is a 2-separating set for NZ , then |W | ¿ 2, otherwise T * = W ∪ c is a triad of KZ which is contrary to orthogonality (|T * ∩ L| ¿ 2 and T * ∩ LiZ = ∅, for some i ∈ {1; 2}, and so |T * ∩ LiZ | ¿ 2). Hence W − d is a 2-separating set for KZ \c=d, for d ∈ L1Z ∩ L2Z . But the only separating sets of KZ \c=d are L1Z − d; L2Z − d and theirs complements. We have a contradiction because L1Z or L2Z is not a 2-separating set of NZ . Hence NZ is 3-connected. As KZ is cominimally 3-connected and c belongs to just one line of KZ having at least three points, namely L, it follows that NZ is cominimally 3-connected because NZ =g is not 3-connected, for every g ∈ L − c.
As Hence the result does not hold for NX or NY , say NX .
By the choice of M , it follows that r(Y ) 6 r(HY ) = 3. As r(Y ) ¿ 3, it follows that r(Y ) = 3 and so r(M ) = r(NX ). Again, by the choice of M , we conclude that |Y − L| 6 5. As r(MY ) = r(Y ) = 3 and MY is cominimally 3-connected, it follows that each element of MY belongs to a line having at least three elements. Let L1; : : : ; Ln be the lines of MY having at least three elements which are not equal to L. Observe that Li ⊆ E(MY ) − L because (a) the elements belonging to L − E(M ) is freely placed in L; and (b) the elements belonging to L ∩ E(M ) do not belong to a triangle of M , by hypothesis, and so of MY , by Lemma 3.1. Hence L1 ∪ · · · ∪ Ln = Y − L. As Li is properly contained in Y − L because 2 = r(Li) ¡ r(Y − L) = r(Y ) = 3, it follows that n ¿ 2. Thus n = 2 and |L1| = |L2| = 3. We take Xe to be equal to Y − L in this case.
Next, we prove that
Moreover, when the ÿrst case happens Le = L f = {e; f}. Suppose that (4.10) does not hold for some e and f. In particular,
Xe ∩ X f = ∅: Next, we prove that This inequality can be rewritten as
Replacing the values of and ÿ, we obtain:
As 0 6 r 6 n, we arrive at a contradiction unless n 6 2.
To conclude the proof, we divide it in some cases. If n = 1 and r = 1, then Xe 1 and E(M ) − (Xe 1 ∪ Le 1 ) have both at least ÿve elements (if |E(M ) − (Xe 1 ∪ Le 1 )| 6 4, then we can take E(M ) − (Xe 1 ∪ Le 1 ) for Xe 1 in Case 2 and we arrive at a contradiction). Hence ¿ 5 and we have a contradiction to (4.16) . If n=1 and r =0, then Xe 1 and E(M )−(Xe 1 ∪Le 1 ) have both at least four elements (if |E(M )−(Xe 1 ∪Le 1 )| 6 3, then we can take E(M )−(Xe 1 ∪Le 1 ) for Xe 1 in Case 1 and we arrive at a contradiction). Hence ¿ 5 and again, we have a contradiction to (4.16) . Hence n = 2. If c ∈ T (M ) − [Xe 1 ∪ Xe 2 ], then there is a triangle T of M such that c ∈ T . By (X1) and (X4), T ∩ Xe i = ∅ or |T ∩ Xe i | = 2, for i ∈ {1; 2}. If T ∩ Xe 1 = T ∩ Xe 2 = ∅, then ¿ 3; a contradiction to (4.16). Thus |T ∩ Xe i | = 2 and c ∈ Le i , for some i ∈ {1; 2}. Hence E(M ) = Xe 1 ∪ Xe 2 ∪ Le 1 ∪ Le 2 . Let M1 be a factor of M with respect to Xe 2 ∪ Le 2 ∪ Le 1 having special line L1. Note that Le 1 ⊆ L1. By Lemma 3.3(i), M1 is 3-connected. Note that Xe 2 is a 3-separating set of M1, by Lemma 3.2(ii). Let M2 be a factor of M1 with respect to Le 2 ∪ L1 having special line L2. Note that Le 2 ⊆ L2. By Lemma 3.3(i), M2 is 3-connected. But E(M2) is the union of two 3-elements lines, namely L1 and L2; a contradiction because M2 cannot be 3-connected. Thus Theorem 4.1 follows.
Proof of Theorem 1.1
For a 3-connected matroid M , let r0(M ) = |R0(M )|. In this section, we prove the dual of Theorem 1.1, namely: To prove the existence of Xe we deal with two cases.
Hence For Z ∈ {X; Y }, (MZ ) = 1 because LZ and L Z are di erent lines of MZ each with at least three points meeting at f; a contradiction by (5.6) . Hence the result does not hold for MX or MY , say MY . As r(MY ) ¡ r(M ), it follows that e(MY ) 6 6 and so |Y − L| 6 3. Thus r(MY ) = 3 and so r0(M * Y ) + t(MY ) = e(MY ). Again, we have a contradiction, unless (MY ) = 1 and e(MY ) = 6. Observe that Xe = Y − L satisÿes (X1), (X3) and (X4). Note that (X2) holds because Xe spans e in M and so there is a circuit C of M such that e ∈ C ⊆ Xe ∪ e. As C is not a triangle of M , it follows that C = Xe ∪ e. To conclude (X5), it is enough to prove that si(M=g) is 3-connected, for each g ∈ Xe. By Lemma 3.3(ii), this is the case. With this, we conclude the existence of Xe. As 0 6 r 6 n, we arrive at a contradiction unless n 6 3.
If n = 3, then = 0; r = 3 and (M ) = 1. In particular, T (M ) ∪ R0(M * ) = Xe 1 ∪ Xe 2 ∪ Xe 3 and E(M ) − [T (M ) ∪ R0(M * )] = Le 1 ∪ Le 2 ∪ Le 3 . As (M ) = 1, it follows that M has a triangle T . Thus T ∩ Xe i = ∅, for some i ∈ {1; 2; 3}. By (X1) and orthogonality, |T ∩ Xe i | = 2. We have a contradiction because T ⊆ clM (Xe i ) = Xe i ∪ Le i . Thus n 6 2.
If n = 1, then |E(M ) − (Xe 1 ∪ Le 1 )| ¿ 3 and so ¿ 3. By (5.13), (M ) = 1. Let T1 and T2 be a triangles of M . By orthogonality, Ti ∩ Xe 1 = ∅ or Ti ⊆ Xe 1 ∪ Le 1 , for each i ∈ {1; 2}. Hence there is an i ∈ {1; 2} such that Ti ∩ Xe 1 = ∅, say i = 1, because every triangle of M contained in Xe 1 ∪ Le 1 contains the element belonging to Le 1 − e1. As M is 3-connected, it follows that |E(M ) − (Xe 1 ∪ Le 1 ∪ T1)| ¿ 1. Thus ¿ 4. By (5.13), = 4 and r = 1. In particular, e(M ) = 9 and, since r = 1, M does not have a triangle; a contradiction. Hence n = 2. Now, we show that each triangle T of M is contained in Xe i ∪Le i , for some i ∈ {1; 2}. If T is not contained in Xe i ∪Le i , for some i ∈ {1; 2}, then, by orthogonality, T ∩(Xe 1 ∪Xe 2 )=∅ and so ¿ 3; a contradiction to (5.13) . Next, we prove that (M ) = 0. Suppose (M ) = 1. As Xe i ∪ Le i contains at most one triangle, for i ∈ {1; 2}, it follows that Xe i ∪ Le i contains a triangle Ti of M , for every i ∈ {1; 2}. Thus Ti ∩ Le i = {fi} and so r = 0 and ¿ 2. We have a contradiction. Hence (M ) = 0 and, by (5.13), = 0 and r ¿ 1. As = 0, it follows that E(M ) = Xe 1 ∪ Xe 2 ∪ Le 1 ∪ Le 2 . Let M1 be a factor of M with respect to Xe 2 ∪ Le 2 ∪ Le 1 having special line L1. Note that Le 1 ⊆ L1. By Lemma 3.3(i), M1 is 3-connected. Note that Xe 2 is a 3-separating set of M1, by Lemma 3.2(ii). Let M2 be a factor of M1 with respect to Le 2 ∪ L1 having special line L2. Note that Le 2 ⊆ L2. By Lemma 3.3(i), M2 is 3-connected. But E(M2) is the union of two 3-elements lines, namely L1 and L2; a contradiction because M2 cannot be 3-connected. Thus Theorem 5.1 follows.
On Lemos's and Leo's theorems
In this section, we prove the main results of Lemos [3] and Leo [6] . First, we study the cocircuits of a 3-connected matroid that meets both sets of a vertical 3-separation. Lemma 6.1. Suppose that X is a 3-separating set of a 3-connected matroid M such that min{r(X ); r(E(M ) − X )} ¿ 3. Let N be a factor of M with respect to X having L as special line.
Proof. We set N1 = N . Let N2 be a factor of M with respect to E(M ) − X having L2 as a special line. We may label the elements of L2 so that L2 = L. for some ¿ 0, it follows that
In particular { ; 1; 2} ⊆ {0; 1}. If i = 0, then clM i (Hi) is a hyperplane of Mi. Now, we prove that L * clM i (Hi). If L ⊆ clM i (Hi), then C * i − L contains a cocircuit D * of Mi. As C * i − L is contained in E(Mi) − L, it follows that D * is a cocircuit of M , by Lemma 3.2(iii); a contradiction and so L * clM i (Hi). Hence |clM i (Hi) ∩ L| 6 1.Thus
is a cocircuit of Mi, for some t ∈ L. The result follows in this case. So, we may assume that 1 = 1. Hence 2 = = 0, by (6.1). As = 0, it follows that L ∩ H = ∅ and so L ∩ E(M ) ⊆ C * . Choose e ∈ C * 1 − L (e exists, by orthogonality, since X − L spans L in M ). If H1 ∪ e spans L in M1, then C * 1 − L contains a cocircuit of M1 which is a cocircuit of M , by Lemma 3.2(iii); a contradiction. Hence H1 ∪ e does not span L in M1. Thus H1 ∪ e does not span any element belonging to A = L − E(M ) and so, when c ∈ A, H1 ∪ c does not span any element of C * 1 − L. As C * 1 − L cannot be a cocircuit of M , it follows, by Lemma 3.2(iii), that C * 1 − L is not a circuit of M1 and so H1 ∪ c does not span any element of L − c. Hence (C * 1 − L) ∪ (L − c) is a cocircuit of M1; the result also follows in this case. Now, we prove an extension of the main result of Lemos [3] : Theorem 6.1. Suppose that C * is a cocircuit of a 3-connected matroid M such that r(M ) ¿ 3. If M \e is not 3-connected, for every e ∈ C * , then C * meets di erent lines of M each with at least three elements.
Lemos's Theorem says only that C * meets two triangles of M . It may be possible that these triangles belongs to the same line.
Proof of Theorem 6.1. Suppose this result is not true and choose a counter-example M so that r(M ) is minimum. First, we show that there is e ∈ C * such that e does not belong to a triangle of M . Suppose that, for each e ∈ C * , there is a line Le of M such that e ∈ Le and |Le| ¿ 3. By the choice of M , Le = L f for every 2-subset {e; f} of C * . Hence C * ⊆ Le, for every e ∈ C * . Thus For Z ∈ {X; Y }, let MZ be a factor of M with respect to Z having LZ as special line. We may choose the elements of LX and LY so that LX = LY , say L = LX . As e does not belong to a triangle of M , it follows that L − E(M ) = ∅ and so C * Z =[(Z − L) ∩ C * ] ∪ AZ is a cocircuit of MZ , by Lemma 6.1, for some AZ ⊆ L such that |L − AZ | 6 1. By Lemma 3.3(iii), MZ =f is not 3-connected, for each f ∈ C * Z − L and so MZ =f is not 3-connected, for every f ∈ C * Z , since MZ =f is not 3-connected, for every f ∈ L. By the choice of M , it follows that C * Z meets a line L Z of MZ such that L Z = LZ and |L Z | ¿ 3. Note that L Z ⊆ clM (Z) and so L X = L Y . By Lemma 3.1, L X and L Y are di erent lines of M both meeting C * ; a contradiction and the result follows. Now, we prove the main result of Leo [6] : Theorem 6.2. Suppose that C * is a cocircuit of a 3-connected matroid M such that |E(M )| ¿ 4. Let f be an element of C * . If M=e is not 3-connected, for every e ∈ C * − f, then C * meets at least one triangle of M .
Proof. Suppose this result is not true and let M be a counter-example so that r(M ) is minimum. Thus C * does not meet any triangle of M . By Theorem 6.1, M=f is 3-connected. Choose e ∈ C * − f. Let {X; Y } be a 2-separation for M=e such that f ∈ Y . Let N be a factor of M with respect to X having special line L. Note that f ∈ L. As in the last paragraph of the proof of Theorem 6.1, we conclude that C * meets a line L of M such that L ⊆ clM (X ); L = L and |L | ¿ 3. We arrive at a contradiction.
